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ABSTRACT

Testing hypotheses about the mean of a2 bivariate normal

distribution under restricted alternatives

By
Mohammad Yousef Ahmad Al ~Rawwash
Let the random vector ¢(X,Y) be distributed as a bivariate
normal with mean vector (91,92} and identity covariance
matrix. Consider the following testing problem
PCYD: H : €6,,0,> = C0,0> vs Hi: (6,,8,0 € V - {0,003

where,
Vo= Vox = {(ﬁ,?): 0<y <3 } for 0 = 3" < n2

where (A,») is the polar transformation of cei,92> and B*

is the angle of the cone.

For this testing problem , we derive the Likelihood
Eatio Test. (LRTY ¢v x &nd its power function. Alsc we praove
some symmetry and monotonicity properties for the povwer
function.

Furthermore, for the case that ﬁ* = n/z, wWe construct a
test. which is admissible for testing the problem PCV,) and
dominates the LRT ¢VB*
where,

v, = {?4,y>: AzO0, 057 < n/z}.

Ve give a numericai comparison among nine competitive

tests and also a numerical comparison for the power function

s for different values of B*.
Vﬁ*
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CHAPTER 1

STATISTICAL MODEL AND STATEMENT OF THE PROBLEM

1.1 Introducticn

This chapter presents the statisticsl model and the
problem under consideration. In addition, it contains some
definitions and preliminaries needed in the sequel of the
~thesis. Furthermore, it contains a review of the literature

related to the problem.

1.2 The Statistical Model

Let (X‘, Yi), X Yz),...,(X , ¥ 2 be a random sample
™ ™

2,
of gize n from a bivariate normal distribution with unknown
mean vector (91, 6,7 and identity covariance matrix.

Ve are interested in 3 testing problem about the mean

vector (6,,0,), of the form,

PCVD: Ho:cex’ez) = (0,03 vs H : (O

-6 P vx{co,m} €1.2.1>

where V is a closed and two-sided cone in R® with vertex at
0,03 and each side of the cone is convex. A two—sided cone,
Y, has the property +that if v =V, then —v = V.

In the case of bivariate normal distribution with

identity covariance matrix, it is known that (v n E,Y n Y
is a minimal sufficient statigtics for e,, 92). Therefore
without logg of generality, we tan concentrate on a random

vector (X, ¥) which has a bivariate normal distribution with

mean (91, ez)and identity covariance matrix.

-1 -
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Now, let VB , \-’|(3 be two closed two-sided cones in Rz,
1 2

with Vﬁ “= V[3 . Also, let ¢v be +the Likelihood Ratic Test
1 2 3.

1

CLRT2> corresponding to P(Vﬁ_), for { = 1,2, The aim of this

1

thesis is to study the behavior of these tests and make a
comparison between their powers and the power of some other

tegts. The cone Vﬁ can be represented as

L

£
v, = { CA,7): O < » = ﬁ.} . 0B e L= 1,2
£H h v 2
where (A,2 ig the polar trangformation of {8 ,,8,> and 3, can

allowed to take value Z2r, in this case, Vﬁ = R,
2

1.3 Definitions and Preliminaries

in this section we state some definitions and preliminaries
which will be needed in the thes=igs,

First of =all, let (y, 3, P> be a probability space and
let X be a random variable with probability density function
(p.d.f.23 FfCx, @3, 8 = &, where ® is the parameter space.

In the following we define.the concepts domination and
atmigeibility

Definition 1.3.1

Congider the testing problem:

H,: € e 8 ve H,: 86 0,
where @0 2nd @, are disjoint subsets of the parameter space 0.
A test ¢ is said to dominate the test ¢, if

Eg # = Eg ¢,, ¥ 0 « e,

and

Eg ¢ = Eg ¢,, YV 6 < 8,

www.manaraa.com



with strict inequality for some @ 8, L @,

A test ¢ is sgaid to be inadmissible if tLhere exists
another test ¢* which dominates it, otherwise ¢ is said to
be admissible.

An important, and well known concept is the convexity of
a set which can be defined as follows.

Definition 1.3.2

A set C <« R*® is said to be a convex set if

g X+ {1-a) vy 0O, Vxu, veOandaoelO,4113.

Another concept is the duality of a cone which will be
used in this thesis and it can be defined asg follows. .

Definition 1.3.3

Given a cone VYV e Rz, the dual cone V° of V is

defined as

vo = { y e % y.v £ 0 for all v e V } .
Another important definition which is related to the

definition of dominaticn is that of the complete class.

Definition 1.3.4

A class ¢ of tests is said to be a complete class if for

any test ¢ @ P , there exists a test ¢*e $ which dominates d¢.

Definition 1.3.B

Let V be some cone with vertex at (0,00, A set A < R? is

said to be V-decreasing if for every x, y € R%, such that

x < Aand vy £ x IV]l, then v € A, where the order relation

y £ x [V] means that (x-y> e V% (0».
_3....
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Con jecture

Aggume that Viand V2 are two subsets of the parameter
space ©, where \J':l < Vz' then the LRT conjecture can be stated
ag Tollows:

Consider the testing problem PC(V > for i = 1,2. Let ¢. be
the corresponding LRT’s. It is conjectured that the LRT ¢1
dominates ¢2 Cin terms of the power function},

The following theorem will give ug an  idea about the
congditions under which a test belongs to a minimal complete
clagse in case of an exponential family, and certain types of

hypotheses.

Theorem 1.3.1 CEaton’s Theorem 1g7ol

Suppose that X is a random variabkle with p.d.f
FCx, 0> = ACx)> BCo> &X© where (x,0) e R*

¥e want to test

Hy: €0,,0.0 = (0,0 v - H : (6,,8,> € V\ {00,033
where V is a closed convex cone in R® with vertex (0,0). Then
the class of all tests which have a convex and V-decreasing
acceptance region forms a minimal complete class.

Any test which gatisfies Eaton’s conditions will belong

to a minimal complete glass and therefore will be an

admissible test.

www.manaraa.com



1.4 Review of the literature

Thig section presents a summary of the literature related
4o the testing problem under consideration,

Bartholomew (19B9a) considered testing hypothesis about
the mean vector of a multivariate normal distribution against
an ordered alternative. He derived the LRT for this testing
prohleﬁ.

Later, Bartholomew (i2809b, 1961) congidered the =Zame
test.ing problem and gave &n additional properties of the null
distribution of the LRT. Particularly, he showed that the
distribution depends on the usual r*—distribution and certain
probabilitiés. He algo obtained the power function of the LET
for some special cases. He oconcluded that the use of the
restricted alternative leads to an increase in the power of
the LET,

Kudd €1963> and Nuesch €1966> considered the testing
problem

HO: 6 = o vs Hiz 6t >0, for it =1, 2,...,p,

where 6, a & are the means of p-variate normal

2: o Yp

distribution with known covariance matrix. It can be seen that
the alternative space is the non—negative orthant. Both Kudg

and Nuesch independently obtained the LET and its distribution
under the null hypotheses.

Kuda and Choi ¢1978) continued the work of Kuda and

Nuesch. Instead of a closed convex cone they considered as

- B -
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alternative space a convex polyvhedral cone determined by
linear inequalities. This can be considered as a multivariate
generalization of the one-sided test.For this testing problem
they derived the LRT and its null distribution and compared
the power of the LRT with power of the usual ri-test,

Shirahata (19773, considered the testing problem

Hyt 6, = e, =20 vs R, : e, >0, e, >0,
for a bivariate normal distribution with mean vector (91,62)
and a known covariance matrix. He suggested a new testing
procedure which is called the Likelihood Ratio Conditional
Probability Principle Test (LRCPPT)Y. He conjectured that the
LRT is not optimal in general. He showed that when 4Lhe
population correlation i= positive, the LRCPPT is not good,
i.e. the power of the LRCPPT is much less than the power pof
the LRT. In the case where the population correlation
coefficient is negative the LRCPPT is more powerful than the
LRT.

Zagabuchi (1980), considered a p-variate normal

distribution with mean vector e,, o ©_2 and known

2r s o
covariance matrix. He considered the testing problem, where
the null hypotheses is that © 1lies on the boundary of a
convex polyhedral cone determined by linear inequalities,
and the alternative is that & lies in its interior. He derived

the LRT and illustrated some of its applications. Also, he

digscussed the geometry of convex polyhedral cones.
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Al—Rawwash (192862, considered the testing problem

HO: C91,92) = (0,0 ws Hiz (9,,9,2 = VL_ {0,023, i = 1,2

He derived the LRT for three special cases namely

= = Lo
V:" R ; R=I10,00 V2 R-,
S "
Vi- R X R V2 = [R* and
wald —
v = K V. =R X F.

Also, he showed that the power function of the LRT satisfies
certain monotonicity properties.

Al-Rawwash, and Marden (10988, deyeloped = new method for
the construction of a test which is admissiblie and strictly
dominates a given inadmissible one,

Al-Ehrouf (19802, congidered +the testing problem

Ho: C91,62) = (0,0) vs H : (Gi,Gz) = Vt_ {€0,033, i = 1,2

for certain two cones Viand V2 where, V1 = Vz.

He showed that the LRET @, dominates the LRT ¢, in terms of
| 2

the power function.
Odibat {19892, considered the testing problem

HO: (e,,6,2 = (0,00 v= H: (9,,8,2 <V ~ {€O0,02), 1 = 1,2

for gertain two conee Viand V2 where, Vi <V,

He proved the LET conjecture for the case V, a closed

14
convex cone with vertex at (0,02 and angle less than e
2

and V2 = [R2,

www.manaraa.com



1.3 Summary of tLhe thesgis

This thesgis is concerned with the LRT conjecture. It’s
shown, through numerical computation, that if we have a
regt.riction on the alternative space then it iz not
necessarily true that the power function will increase.

In chapter one, we describe the statistical model and
the testing problems that we wish to study. Also, a brief
historical review of the related literature is given. Some
important concepts and theorems that will help us in studying
these testing problems are also stated in chapter 1.

Chapter two, gives a derivation of the LRET and it=s
distribution under the null .hyputhesis. Als=s, the power
function of the LET is obtained. Furthermore, two properties
of the power function are given namely, symmetry and
monotonicity.

Chapter three contains a congtruction of a test that
dominates the inadmissible LRT ¢V1. We ume the method of
Al-Rawwash and Marden (19883 to construct such a test.

Furthermore, this chapter contains some numerical comparisons

of the power values among nine competitive tests.
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Chapter 2

Derivation of the LRT and its Power Fanction

2.1 Introduction

Consider the statistical model given in (1.2.12 in whieh
the randem vector (X, ¥> is distributed as a bivariate normal
with mean vector CGi, @,> and identity covariance matrix.

In this chapter, the LET for the testing problem given in
C1.2.1> is described. In addition, a derivation for the powernr
funct.icn associated with the LRT is obtained. Alsma, some
properties of the pawer function viz., symmetry and
monotonocity is given.

The following section iz devoted to the derivation of

the LRET for the testing problem given in (1.2.13>.

2.2 Derivation of the LRT

To derive the LRT we have to find the MLE restricted to
V. To accomplish this we dived the sample space R® into five

regions. These regicns are

v={c;3,,v>.-a:-:o;Og;vsra*ornsysna-ﬁ*},

vy =-{ CA,73: A= 0; A% 7 < _&*;_"_} ,
B

+ i
. {(A,y):AaO; llzl‘_sysn},
W
V::{(A,y):Aa();ﬁ*+n5753——2—w+ }
*

- + g .
v, = { CA, 2 A 2 0O E_E_Z_E_ £ ¥ < 2w } ,

where, B* iz the angle of cone V.

<
il
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These regiong are illustrated in Figure 2.2.1.

Figure 2.2.1 : The partitions of the space R®

In the following theorem we present the MLE of e e,

restricted to V.

Theorem 2.2.1

The MLE of cei,ez) restricted to V is given by

F(x;y> if (x,y) eV

9,65 JgraY Jrrav, £ Cx,y> + =
= L , a i X, eV, or V
1?72 {1 + a2 1 + a2 ¥ i 1

Cx,0 if x,y> € Vi or VT
L 2 2

C2.2.15>
where a = tan(ﬁ*).

Proof:

Consider the random vector (X,Y> which is distributed as

8 bivariate normal with mean vector (91,92) and identity

www.manaraa.com



covariance matrix. Therefore, the pdf can be written as
= 1 1 - 2 . 1 —- 2
f(x,y,ei,ez} = ———— exp{ -z (X 6,2 - Cy e, } .
Let <©,,6,> be the point which minimize
A*= (x - @)% + (y - ©0,)% for all (6,,0,> eV
Therefore,(éi,éz) will be the closest point to (x,y>. Now, if

{3,y> € V then (éi,éz) = (x,y>. But, if (x,y> & V, then (x,y3

will belong to one of regions V,, V_,

V,and V_.

If (x,¥) & V;, the MLE will be in the set {(t,0> : tz O,
and it can be seen that the closest point to V is (x,02
which is the MLE of (91,92). Also, if (91,92) < V:, then
the MLE will be in the set {(t,u) : u = at}), and a = tanB*

which implies that 92 = aei, therefore

A= (x - 93% + (y ~ a@ D>,

Now,
9 A% . 5 (x -~ @5 - 2aCy - a0.>
%) 91 1 ¥ 1
and
3 A* -5 . .
5 " = implies that
1'9 = @O
1 1
- x + ay - X + ay
= — . and O = a ——
1 1 + a2 z i + a2

+

In the same manner , we can =ee that. if (91,62} e VvV,

then the MLE (8 ,6,> = (x,0>, and if <@,,6,> « V, then the MLE

e,,6.> = ¢ X ag ,8 — as E%— 3. This completes the proof,
1 + a i1 +a

We use the above result to derive the LET as follows

- 11 -
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Theorem 2.2.2

The LRT for the testing problem (1.2.1> iz given by

1 if ¥2 > k

@ = - »
Vi* 0 if 7% < k
where,

x2+ y2 if  (x,y> € V¥
72 = { x? if  (x,y> € V_ or V, . €2.2.2>

z
if_i_E511 if  <¢,y> € V] or V:
1+ 3

Proof':

Agsume that (X,Y¥> iz a random vector distributed as bivariate
normal with mean vector (91,62) and identity covariance

matrix. The pdf can be written as

1 1 A 2z - 2
f{x,v,0,,8.) = — &g 2 {fx 6,27 +(y-0,> }
1?72
2 n
The LET statistic A is given by

A = sup f(x,y;91,92} A sup f(x,v;6, ,0_ 2

1772
(6,,8,0e 0, (e, ,0,0e @,
Y I
e FCX YD .
= ~ - - - .
sup o5 ((x-0,3%+(y-0,3>%>
(6,,8,0« &,

i
= Expy~ — inf { x%+ y®-(x -0 >%- (y-o_>%»
z (0,000
2 1
—i2

= Exp{- >,

where,
22 = € x%+ y2-(x -6,>%~ (y-6,_>%
where Céi,éz) is the MLE of (91,92> restricted to V which is

given in (2.2.1>.This completes the proof.

www.manaraa.com



Figure 2.2.2 illustrates the acceptance region for the LRT of

the testing problem (1.2.1).

/

/jf/—
%
i
2
®

/7777

éllll\

Figure 2.2.2 Acceptance region of the test @v *
3

2.3 Derivation of the Power Function

derived the LRT and showed

In the previous section we

Here we present the derivation

that it is given by (2.2,2.

of the power function of the LRT., In addition, we will state

few theorems that will reveal some properties of the power

function.
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Theorem 2.3.1

Consider the LRT given in <(2.2.2). For any (61,92) s V

let CA,7> be the polar transformation of (61,02}. Then the

power function of the LRT can he expressed as

BCA, ) = 3,00, + B,CA, 2> + (3,CA, 20 - B CA, D

where,
LA (3*_?'

e 2
B,CA, ) = [ I CH,Ck,A cos&) + H_Ck,A cos&dd d ],

2 n

-¥

B,CA, ¥ = F(d + Fea™-p,
B LA, 70 = 6(pd + 6¢(3% -2,

~§ Cx+7 k(1+a? )

BCA, ) = j I CZCx-AcosPIZCy~ASing) + ZCx+Acosp)IZ(y+Asinyd) dy

jrel

YK -
4]
i --3.1\2+rt,
H Ck,t) = J're 3 dt , H,Ck,t> = H_Ck,-t>
Yk
FCp> = QCA sin(—93) QC¥ K + A cosp),
G{¥2 = QCA giny > QC V"K' ~ A cosp),

1 2 ot
ZCx> = e X 72 apg Qx> = f ZCtodt.
Y2
X
Froof':
The procf of the theorem is based on dividing the rejection
region into subregions as follows:

Ai

{ A, 2:. A2 vE ; 09 < 3% } ,

]

A, { (x,y2: 2 VK '; v=s O} 5

www.manaraa.com



A= { (X,¥2: X = —q & y = ax} W] { {x,v>): x2 ~-q &y = Li}
={» A27yK: msrsn+a},

A_ = { (x,¥>: x £ =V K'; yz O} ,

A ={ X,yvd: x2gq &y 2 ax} U { (X,¥2: x = q &y 2 Lz}

¥ k

where, q = ,
Y1 + a?
L1 = -2 [ x + Ykt + a®> | and

Lz = = [ x - /a2 + a®H ]

These regions are shown in Figure 2.3.1.

~NAy O
y=-—-—i Cxed kel 4a®y >
A N A
= b 1
— Cq, oI
A R
-~ : .
’ ! . A
A ! s 2
4 // ~
- .
hThYﬂﬁvmkhh
Ay Vy=—t card kca+a%> 2
I ™

Figure 2.3.1 : Subregions of the rejection region

Hence,

&
S Prca .

[ §

3CA, 7> = Pr( rej. Ho | The true value is (A, 2 O =

- 158 -
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But.,

PrCA,> = I f Z¢x~6,> 2(y-0,> dy dx
A
= J J Zﬁﬁ exp { -5 (x=0 3% -~ % (y-62>2} dy dx
Ay
L3
B o i,2
e A 1 2
= J J mgpz T XD { ~x {r"-= 2raA cos(ﬁ—y))} dr d¥&.
0 YK
Let &£, &= ¥, then
3*-y oo e_iﬁz
PrcA,> = J J r exp { ~ ¢r2- 2ra cost, >} dr de_
2w
-¥ 7K
1,2 37~y
e Zh
= > J H1(k, A cos&i) d&i.
-
Zimilarly,
L
1,2 37—
e~zh
Pr(A4) = 3 j HZCk, A cns&i) d&i.
n
=¥
Also,
0 0
PreA,> = I J Z(x - 6,5 Z¢y ~ 8> dy dx
YK ~o
0 O
= J 2¢x ~ ©,5 NCy ~ 6.3 | ax
Y K ®

|C°
Q) NCx ~ €,

. K
0(92) QYR - 91)

It

In view of the polar transformation (A,7> of (91,62> we get

www.manaraa.com



PCAD QCA siny > QY K - A cospd
= GCy J.

In the same manner,

-EK ®
PI‘(AE} = I J‘ZCX'—Qi) Z{y—az} dy dx
—en O

= QCA 3in(-)) Q(+" K '+ A cosy )
= F().
In order to compute P{AS} and FCAGD we make a

transformation of the xy -plane into x"y —-plane which is

obtained by rotating through an angle G* clockwise, i.e

X~ X cos® + Y sing*

-

Y

1l

Y cosﬁ* - X sinﬁ*
In this case, the line y = ax reduces to the line y'= O
which is the x —axis. This implies that (X7,Y"> is distributed

as a bivariate normal with mean vector (ux»,p -2 and identity

Y

covariance matrix, with

I

» . w
My, eicosﬁ + ezsxnﬁ

Il

Acosy cosﬁ* + Asiny sinﬁ*

Acas(?—ﬁ*)
similarly, M- = Asin(y—ﬁ*).

It can be easily seen that

PCA D NC=Y"K =, - INC—p, -

QY R +A0sC3*—3)20¢~Asinc A% -2>

F(a*—

similarly, PCALY = 8¢a%-3

Now,
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-g (x+ ¥ kC1+a?®d >

(=]
Pr(Azn A3) = I I 2({x—8 2 z<y-92} dy dx
YK —e
and
-y E [+ +]
PrCA_n A = I f Z(x-6,) ZCy-6,>dy dx.
-0
%c#‘kc1+a2> - x>
Applying the transformation X = —x, ¥= —¥ We zgoet,
~L (x+ Y kC1+a®> )
o0 [= 1
PrAgn Agd = I j 2(x+8 > ZCy+6,> dy dx
YK -

this completes the proof.
The following theorem establishes she symmetry of t.he

power function,

Theorem 2.3.2

For fixed A = 0, the power function (3(A,3D 1is symmetric about

# k3

v = e, i.e. BCA, P = BCA, B> ¥ P e
2 2
Proof:

We want to show that
)

- 3
BCA, > = 3, By Yy < —
2
In order to accomplish this, it is enough to show that
each ﬁL(A,y) , i=1,2,3,4 is symmetric about » = ﬁ*/z, where
BL’E are defined in the statement of theorem 2.3.1

Now,
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?-’
f (H1(k,A cosEd + Hz(k,A cosEdd dE

*
3
By transforming & to —& we get

ﬁicar (3*"?'9

o
B3 -y
B,CA,B - = [ CH,Ck,A cosgd + H,Ck,A cosédd a¥
-¥
B,CA, ¥

Also, it can be easily seen that 3,(A,»2 and 3,0A, )
are symmetric.

In order to complete the proof we need to show tihat

* .
3
3,CA,72 is symmetric about P = wm— . To accomplish this,

transform (x,y> into (x',y > which is obtained by a rotation

*
through an angle -y~ Clockwise, i.e.,

# W {3* *
x'= X cos ——ty sin — and vy = y cos —— - X sin —_

Its easy to see that (X7,¥”) is distributed as N((e;,eé},l)

where,
# e

0,7 A cos(y ~ — 2 and ©_= A sindy = ~y-)
B*
Now, applying the transformation 3= p - —— ¥we get
8 = Acos(y"> and 6= Asin(y’D
Notic that the regions CAzn As) and CAsﬁ Aa) in the
Xy —plane are transformed into M, and M, in the x 'y =-plane as
shown in figure (2.3.3>. Also, if we transform vy~ to -y~ then

the region M  in the x’y’-plane is the same as M, in the new

x"y —plane.

- 45 -
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Not.ice that we can write

BCAYY = 8,CA 7> + B CAPD

Figure 2.3.2 : Apceptance region after the
rotation of angle B*/z

vhere,

B,,C8, ¥ = Z2Cx —Acosy 22C¢y ~Asinpy > dy dx’.

and 342(A,7') = [ Z(x —~Acosy 22Cy -Asiny ) dy dx’.

But, if we transform y  to -y~ we get,

B,,CA, 7> = J j ZCx —Acosy DZCy +Asiny > dy dx’.

Mz
According to this result we get,

- 20 -

www.manaraa.com



B, (A, ~7> = I. J ZCx —Acosy d2Cy -Asiny > dy dx’.
Mz
= 3,,C4,77 . €2.3.2>

But we know that g3,¢ A, 7D = 8B,,¢ A, 77> + B, ,¢ A, YD,
therefore, in view of (2.3.2) we get 34(A,y’) ig gymmetric

about. » = 0.

e
Now, we want to show that (3, (A,»"> is symmetric about g .

5 »
B,8,8°=27> = 8,¢8,8"~0-G »

34(A,g*—y)

B4, =77

Il

B‘*(A? ?”>

e
Since $,€A,?>, i=1,2,3,4 is symmetric about » = &,

therefore, (B(A,»> = B,CA 23 + H2CA,?) + BSCA,y) - B,CA, ¥ s

*
symmetric about g . This completes the proof.

The following theorem proves the monotonicity of the

power function,

Theorem 2.3.3

The power function of the LRT increases in 7 for all 3 = —

_
and decreases for all ¥ = [g ,B*].

Proof:

Let A* be the acceptance region of the LRT of the

testing problem (1.2.1), then
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BCA, 7> = 1 - PrC A™>

A?

I f — exp {—% CxZ2+ yz) - >

+xAcosy +yﬁsin?} dx dy

+xAcosy

GR3CA, #2 J I (—xAsiny + VACosy

A
2 exp {ﬂ%(x2+ yz) -
a ¥ 2 2

Ai\-

+ v A sinr} dx dy.

Let X'= X cosy + Y siny and Y'= ¥ cosy — X siny, which is a
>

rotation of angle » = —_ then we have, M- = A and p ;g = 0,

i.e. <X7,Y") is distributed as NC(u,-,p,->, 1.
Hence,
G3CA, ¥ r Ay < . . o y-
e = — — exp 2+ 9y - A%/2 + A x } dx dy
a ¥ 42
A*ﬁ&
r o~ A y' . . . .
= - —~ exp { -1 cxT-m% 4y 2)} dx” dy
[* nd n - .
AMH
= . MCx™, y™> dx” dy”
o
where,
A*" is the acceptance region of the LRT in the x y —-plane.

Now, the acceptance region can be partitioned intce four

disjoint. regions Bi—B4, which are shown in figure (2,3.32
Notice that if we transform y~ into ~ y’~ theregion B, in the

new plane will be the same as B, in the old %"y ~plane. This=

can be eamily =seen from figure (2, 3.3).

- 22 -
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Therefore,

J I MCx™,y"> dx"dy” = -I f MCx™,y > dx'dy”
B, B,
Now, we want to evaluate this integral on the regions B

and B4. Notice that

J I MCx™,y > dx'dy < O and I I MCx™,vy™> dx’'dy = 0.
B B

2 4

Figure 2.3.3 : Acceptance region after
rotation through an angle »

+*

Transforming (x°,y"> into (—x",-y > ,we get that B, in the new

plane will be the same as B, in the old x 'y -plane,

Therefore,

I JM(x’,y') dx“dy” = I JM(—x',—y') dx” dy”
B B

3 4

- 23 —
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It

1
ey
—

I >3

~3

11]

"
o

I

I
~
~
"

+
=3
W]

X

+

\c
b
w
v
——t
=
b4
[n
g

2 n
B4
= - j J M*Cx”,y7Y dxdy”

B,

where,
Ay~ )} 3
M¥(x",y"> = ——— exp { —% CCx +Ad2 + vy 2)}

"

Hence,

I I MCx”,y”) dx’dy” + J j MCx”,y7 3 dx”dy”
B B

a3 <

- J I[ Mex™,y > - M*cx”,y7>7] dx dy”
B

4
But.,
. . Ay~ i
MCx vy d= M*x", ¥y > = P exp (—%y 2y
r

{gxp [-% (x"-A>%] - exp [ (x'+A>2]}
Also, on 84 we can see that X'< 0, Y'> 0 and A 2 O ,therefore
Cx“=AdZ > (xT+ADZ
implies that
exp [-5 (x'-A>?] = exp t~% (x“+A>Z]
Hence, '
MCx;y > - M*(x”",y"> = 0 for all Cxy™> « B,.

This means that.,

j I MCx™,y > dx“dy” + I I MCx™,y > dx’dy” < O
B B

2 &
Therefore,
aiBCA, 3 . , . .
——— —j I MCx™, y > dx dy
a v
Aﬂk!
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= _J’ J"[ MCxT,y > = M¥¢x7,y7>] dx'dy’ = 0

B,

which means that BCA,»> is increasing for » < g .

Corollary 2.3.1

The power function has two equal minima at » = 0 and

#
¥ = B*, and it has a maximum at » = 4%—.

Theorem 2.3.4

The cumulative distribution function of ¥° is given by:

w Lt
=2
. Vi

0, o. W,

Lt = = [ x + Yk + a%> ]
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Chaptexr 3
Studying the Conjecture

- 3.1 Introduction

In +this chapter, we study the conjecture that was

stated in chapter 1. Specifically, we consider the testing

problems
PCV. D H: (9‘,92) = {0,0> VS Hi: 9,,8, e Vi—{F0,0)},
{3.1.1>
where + = 1,2,3,
V=V, = { CA,P): 0 2 ¥ € 2 },

v, = { CA,331 A2 0, 0= 7= 2n},
and
v = { CA,3): A 20, 0<y < nxz}.

Here, notige that Vsz V,= V

1 2’

Assume that @ _, ¢ , ¢, are the LRT s corresponding to
1

2 3
P(Vib, P(Vz) and PCVS}, respect.ively. The aim of this chapter
ig to see whether there is domination among these tests and
0 =ze2e which one is admissible

Section 3.2 is concerned with the construction of a test
that is admissible for the testing problem P(V_ D and dominate
¢v1‘ We use the method of Al-Rawwash and Marden (19882 to
construct such a test.

fSection 3.3 obtains the relat.ion between the LET’s ¢V

1

and ¢ _ . Alsn, a power comparigson between these two tests for
2

different cone angles, is given in this section.
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The main topic in section 3.4 is to make a power comparison

among nine competitive tests. VWe give the acceptance regions

for these tests as well as the relations connecting each of

these test with the level of significance.
The following section constructs a temt which is admissible

Tfor the testing problem P(Vs) and strictly dominates ¢v
1

3.2 Dominating the LRT in the case of tvo sided alternative .

In this section, we use the method of Al-Rawwash and
Marden {1D88> to congtruct a test which is admissible for the
testing problem P(V3) and dominates the LRT for the testing
problem POV 3, whefe PCY 2 and PCVGD are given in (3.1.12.
Their method can be summarized as follows
Assume that (X,Y¥Y> is random vector defined over ®R*, also let

E =X, T =Y, and define a test ¢* as

0, s < actd
o™ = { ), s = alt), €3.2.1>
1 O, W

where,
(s,t) is the realigation of (3,T2
The main idea of the construction is to take a test ¢°
which is not of the form (3.2.12, and find a test ¢, of the
farm (3. 2.1) which dominates ¢0 strictly. The test ¢, ig the
unique test ¢* which is of the form (3.2.1> and satisfies:
EC#,(S,T)| T = £) = E(¢"CS, | T = t>

The basis of the construction is that either X or Y could
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play the role of £ as well as any linear combination of X and
Y. Now, assume that the set Ai is the acceptance region for

the test ¢1, this test can be written in the following form:

o, X = A1

1, x & Ai

The test ¢1 may also violate (3.2.1> for a particular choice
of 5. If this happens, we will obtain a test ¢2 of the form
(3.2.1> which strictly dominates ¢, 6, the test ¢, may also
violate (3.2.1) for another choice of &. Hence, we can get a
test ¢, which strictly dominates ¢,. Continue the procesé
until we obtain a test which can no longer be improved in this
manner,

Now, it can be easily seen from (2.2.2) and figure (2.2.2)

that the acceptance region of the LRT ¢, = ¢ can be written
1

in the form

A=

-d < x s ¥ 4% - y? if 0=y =<d
o Cx,y2

. ’
v d%- y% 5 x < d if ~d =<y =<0
Notice that ¢v is not of the form (3.2.1> for any
1
choice of 5.

Now, let € = X, T = Y and conditioning on Y, we want to

find a function h (y2 such that,

PC ~d < X < d2 - y%2 > if 0sy=sd
PCX < h (y)) = {

»
P(—V d?- 92 = x < d > if -d £y 50

which iz equivalent to
NCh, C(y>)> = NCd> + NCY d2— y2 3> -1
S =
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Therefore,

NTYCNCX) + 1 = NCdI) = ¥ d*%- y?
But,, if we assume that
W) = NT(NCx) + 1 = NCdDD (3.2.2>
then the previous equation can be written as
W2CxD> + y* = g%
Therefore, the acceptance region for the constructed

test is given by

A, = { (x,y): W3Cxd + y2 < g2 }

which implies that the LRT for the testing problem P(V O
after the conditioning can be written as

0, WiCx> + y? < d*
i, Cx,y0 = . €3.2.3>

1, Wicx> + y* 2 4%

The acceptance region A$ is illustrated in figure 3.2.1,

- -t s
NACNCAY - _%_; N HCENCAD 19

T T TTT 77594
| 1

s i)

\ L

I
|
T
|
|
[
: g

e U e i e N ot
0, -ad
i

Figure 3.2.1 : Acceptance region A1
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Notice that ¢ ¢(x,y> is of the form (3.2.1> for S = X and
1

T = ¥, but, it is not of the form (3.2.1) for & = Y and T = X.
Furthermore, the acceptance region for ¢i(x,y) can be

rewritten in the following form

-d =y =d if X 5P
Ai = {(x,yd ! ’
~ d%-w2(x> g y <7 d%- Wix> if psx <q

where,
p = NH(NCd> - 3> and q = N"'¢2 NCd> ~ 1D.
Applying the construction again by conditioning on X, we

find a function h2(x) such that

PC -d =y = d 2 1f x = p
PCY < b, Cyd) = : ,
_P<~v/$2— Wi xd> < x < Y ad%*- WO ifpsx<q

Now, if *x = p , we get
NCh,(x33 = 2 NCd> ~ 1
which implies that
h (x> = N''¢2 N> - 1) = q.

Alsoc, if p £ x £ g, we get

NCh (x0) = 2 N(Y/dz— W2C¢xd> ) - 1

which is equivalent to

N1eNCY2 * 1y = a2- wExd
and this can be simplified as
W2C(x> + U%Cy> = d*
where,
UCyy = N-i¢NOy2 + 15 ¢3.2.4>

thus, the acceptance region for the constructed test is given b

www.manaraa.com



A, = { (x,y)> : W2xD + UZCy) < d? }

Hence, the constracted test can be writiten as

0, W23(x> + U3Cyd < d?

¢2(x,y) == ’ {3.2.8683.

1, WiCx> + U%Cyd = d?
The acceptance region for this test is shown in figure 3.2.2.
N fcaNCad -~ 10

o~ 1- =TT N TRaNedd - 1)

YOIV T

-_—— ———:_:__ —
—

Cp.03
1

|
|
|
|
|
|
|
|
|
|
l
|
l
|
i
|
t

Figure 3.2.2 : Acceptance Region A,

In order to show that the test ¢2(x,y} is admissible, we
utilize theorem 41.3.1, which, simply, says that ir t.he
acceptance region of the test ¢2(x,y) iz decreasing and conveXx

then this test is admissible for testing hypotheses POV 3.

Theorem 3. 2.1

The test ¢, (x,y? which is given by (3.2.5> is admissible

for the testing problem PLV 2 given in (3.,1.12, and strictly

dominates ¢
Va
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Proof:
Applving theorem 1.3.1, it is required to show that the

acceptance region for ¢2(x,y) iz convex and decreasing.
In order to prove the convexity, we show that Uz(y) and W20

are convex function, also, we show that the function

hexd = N* v/ d? - w2Cx0 >
has a maximum point at x = p.

Let CCx) = W2¢x>, then

3CCxD }
— = 2 WD WO €3.2.6>
ax
and
G 2
— =2 wexd w oo + [ weo]]
ax2

But.,, from equation (3.2.22, and by taking the first

derivative, we get

av
ZCW) o = Z(xD,
X
therefore
Iy AP
—_ == €3.2.7)
ax 2¢wWD

Also, by taking the second derivative, we get

v VW L2
ZCwD - w Z{w)[ — ] = —x ZCx>
2 ax
therefore,
62W§x} = EZCx2 [w ZCX)> = x ZCW) ]
ax Z2°Cwd
w? _ 2 w* x*
=e * [w e ? ~-xe? ]
we xZ
Since w 2 x we have e 2 2z e 2 , therefore
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which means that W?(x> is convex. To show that u2¢y> is

convex see Jararha (1991>. It is enough to show that the

function h(x> = N"‘(V/éz - W2(x> > has a maximum at x = p.

Now, NCy> = v/dz - WA

By taking the first derivative we get

—2WCGOW IxD
ZC(y2 =
g x Y a2 - w2ewd
fFince W(p> = 0, we have
dy
= 0
gx 1 =P

Now, by taking the second derivative we get

' 29CxIW IO
27/ a% - WP [ Wxd + w<x>w"<x>] -

3%y v a2 - wix>

2
a9 x ca® - WICxdd

It can be seen easily that W (p> = 2(pd, therefore

Fy 2 2%¢p>
_ = - <0
d x d

This shows that the acceptance region of the test ¢2(x,y}
ig convex. It is left to show that this acceptance region
is decreasing. In order to accomplish this we have to show
that W2(x> and U?*C(y> are increasing. From (3.2.6> and (3.2.7>

we have

SCCxD > 0
which means that W?{(x)> is an increasing function of x
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Now,

2
4§§3§Xl = 20CydU Cy), €3.2.8)

however, from (3.2.4> we have

NCyd> + 1
A

NCUCyd> =

and by taking the first derivative, we get

guCy» _ 1
ZCUCyDD __E?X_ = == 2(y)

FUCYY _ _ ZCyd
v T2y 2 0

therefore,

Hence, from (3.2.8> we can see that 02(y> is an increaging
function of y.

To show that the acceptance region A2 iz decreasing, lest
(x,yde A2 and suppose that x'< %, y'<vy., Its enough to show
that (x”,y"d>e A,. But, (x,yde A, means that WiCx> + UZCy> < d*
and because W2C(x>, U%Cy> are increasing function, we have
| WIx> £ WO
and

U3¢y > < Uy
therefore,
W3 x> + Uy > < W2 D + U3¢y

which means that (x',y "> e A, and this completes the proof.

3.3 Numerical Comparison between LRT’s ¢ and ¢
2

In this section, we givé the conditions on the LRT’s ¢,
1

and ¢V so that they have the same level of significance. Also,
2

- 34 -
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we give a comparison between the powers of these LRT’s
for different cone angles ﬁ*. Furthermore a power comparison

iz made for different choice of the alternative (91,92)‘

lemma 3.3.1

A necessary condition for a test ¢ to dominate another
test ¢* is that they have the same level of significance,
i.e.

_ "
Eco,00® = Eco,0? -

Proof:

= — L4
Let h<6,,8,> = Ecg ,0,5% = Eco ,0,>?
by using definition 1.3.1, the test ¢ dominates the test ¢¢ if
* —
Ecei,ez)tﬁ < Ecei,eg‘i’ ) e,,0,> = 0,0

and

#
Eco 05?2 Ecg o 59" v <o.,8,) VL——{<O,O)},
1272 1272
with strict inequality for some cei,92> < Vi~{(0,0)}.
Since, h(Gi,ei) ig a continuous function in cei,ez), therefore

h{0,0> = O. This completes the proof.

It is known from theorem 2.2.2 that the tests ¢  and ¢ 6 has
1 2

an acceptance region of the form { T2 < d > and < x2 %= ¥
respectively, where T> is given in (€2.2.2> and x? is the

usual chi-sgquare statistic. The following theorem gives the

relation between ¢ and d.
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Theorem 3.3.1:

Congider the testing problems given in (3.1.1>. If the

tests ¢v and ¢v have the same level of significance, then c
| 2

and d are related by
)2

2 Y-
1 -2 =%u-e d*725 4 2 (Nedd -

by

Froof:

Agsume that A1 and A2 are the acceptance regions of ¢,
1

and @, which are illustrated in Figure (3.3.1>. Moreover,

2
v a2 - y2

[
PCAD=E ¢, = J J Z¢x) 2Cy) dx dy
co, a) €0, D2 2
-C
a? - 2
A
~ . /
= Va \ 7>
L . ~ |
— Ay Cd,0)— A, - (¢, 00—
- s
\
\

Figure 3.3.1 @ Acceptance Kegion A, and A2

Now, let (r,£> be the polar transform of (x,y>, then

2r ©
—p2 a2
fo(‘“z)=2£ﬁj [re™ P arag=1-e""" 3.1
., O
o o
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In order to find P ¢ A D we must partition the acceptance
(o, 0)

region of the LRT ¢, into four subregions Ai‘),AiZ’.Aiaj and
1

A{*? which are illustrated in Figure (3.3.2).

i
A1 Ai
9 z
Ai Ai

Figure 3.3.2 : Subregions of the acceptance region A

Now,
o
PCAD =2 PCal,
0, 0 =1 (0O, 02
n’2 d .
€13 re i ~d%/2
PCAlL?> = J J —— dr Q€ = —— (1 - e >
2 4
0 ©
Similarly, for the other regions we get
1 2
P CAl?) = ¢ NG ~ 127, PAA®> = — 1 - e d*/z,
4
and P CAI%’) = ¢ NCay - 1-2>%, Therefore,
1 —_2
PCAD = — (1 - e P72 « 2(Nedd - 1/2>% 3.3
(o, o 2

By Lemma 3.3.1 and equations (3.3.12 and (3.3.2),Therefore,

the conclusion follows.

- 37 -
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The appendix contains two Tables: Table 1 congists of

nine c¢olumn 3 32, PP ﬁg which gives the power of nine

g7
gifferent tests ¢, @yr ey ¢9 to be defined later.
The power values are obtained for different. choices of (A,
by numerical integration for the density function over the
rejection region. In computing these power values the accuracy
was up to 10™*.

Table 2 contains the power values corresponding to the LET
¢vﬁ* for different cone angles B*. These power values are
calculated at the same point used in Table 1, alsoc the
accuracy was the same.

In the remaining of this section we will make &
compérison hetween the power values of the LRT’s ¢V1 and ¢V2
the first twe column of Table 1 ﬁiand Bz represents the power

values corresponding to the testing problem P(Vi) and PCVz)

respectively. Now, from this table 1 we can =see that for all

A> O, ¢ is more powerful than ¢_for all —z& < P < 127 put
Vi v 306 30
n . ar [5-1. S o 1am .
for all =5 5 ¥ < 35 and ==~ = ¥ £ 35 neither ¢v1 nor ¢v

deminate the other for all A 2 © ¢ in terms of power values),

but, ¢, dominates ¢, for all A2 0 and = 0 or ¥ = ——.
2 Vi z

It can be easily seen from the same table that the LET

¢, dose not depend on ¥, alsc the LRT ¢ iz an increaging
z 1

function of y for all 7 € —-, and a decreasing function for

all 7 belonging to the interval -%—,—%— which support

theorem 2.3.3. Similarly Table 1 shows that ¢ iz symmetric
1

~ 38 -
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about ¥ = ~Z— which we have proved in theorem 2.3.2.

On the other hand, Table 2 gives the values of the power
values for the LRT’s ¢VB* and ¢V2for different cone angles ﬁ*
Now, table 2 shows that. the LRT ¢1(x,y) dominates ¢2Cx,y3 for
all CA,7> in the case that the angle of the cone is ﬁ*s . 4086wn

Also, from the same table it can be seen that the power of
the test is a decreasing function of B*,i.e.

iff we have two cones with angles Bt and ﬁ: and tests ¢, and ¢,
respectively where ﬁT = 32 then the power function for the

test ¢: is greater than the power function for the test ¢2.

3.4 Powver Comparison of Nine Competitive Tests

Thig section contains a power comparison among nine
~competitive tests. For each test, we give the acceptance
region as well as the relation that connects each test with
its level of gignificance.

The first test iz the LRT corresponding to P(Vi) which
is a special case from the test given in (2.2.2>, and its

acceptance region is shown in figure 3.3.1 . The second one

is the LRT corresponding to POV, 2 which can be written as

1, x% + y%2 > ¢?
¢, = ,

0, otherwise

the acceptance region is illustrated in figure 3.3.1
The third test is given in (3,2.3>, the acceptance region
is illustrated in figure 3.2.1. This test is constructed using

- 39 -
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the idea that we make a conditioning

corresponding to PCY ). The fourth one

(3.2.8Y but this is constructed

conditioning,

LRT corresponding to P(Vi), it.’s acceptance

in figure 3.2.2.

The fifth and the sixth tests was
{10863,

significance can bhe written as:

on

the first one on Y and the second on X for

The relation connecting each test with the

Y for the LRT

alse, is given in

by making double

the
region - is shown
derived by Al-Rawwash

level of

R
0Cb> + - &P = g,
1 —g2/2 =
Qlgd) + —— e = a,
respect.ively, and the two tests can be written as
=2
6 = 1, X, 2z b
5
0, X2 < b
o =L i z8
& =2
where,
x% + yz * 20and ¥y =2 0O
72 = x2 x z20and y = 0O
1 yZ x <0andy 20
0 0.¥W
— xZ + y2 x =20
o = 2
by ®* £ 0
Qx> = 1 ~ N(x> and a is the level of significance.
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Figure 3.4.1: Acceptance region for the test ¢5

0

S
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Figure 3.4.2 : Acceptance region for the test ¢6
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Tests number =even is constructed by making conditioning
on Y for the acceptance region corresponding to the LRT for

the testing problem P(Vz). On the contrary, test number eight
is constructed by make double conditioning first on Y and the

other on X for the LRT corresponding to the testing problem

P(Vz), These tests can be written as:
0, UZ¢x>» + y%2 = c*
¢?(x,y) = ,
1, UZexd + y? = g®
and
0, U3 (x> + U%¢yd 5 c?
¢ (x,y> = ,
1, U3Cx> + U3(yd 2 o?
where,

UCxd = N7*¢ N‘“3A+ 1,

The acceptance region correspnoding to these two tests is

illustrated in figure (3.4.3> and (3.4.4> respectively.
4 NTRenced - 12

Figure 3.4.3 : Acceptance region for the test ¢,

._4.2....
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Figure 3.4.4 : acceptance region for the test ¢B

The last test ¢ <%, y2 ig congtructed by making conditioning

on X for the test ¢6{x,y). The acceptance region of thies test

is illustrated in figure (3.4.85.
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Figure 3.4.8 : Acceptanée region for the test ¢9

Table 1 contains the power values for these nine tests,

From this table, it can be easily seen that for 211 A = O
#,(x,y> is more powerful than ¢,(x,y> for all y e (- 3
which we discussed it in section 3.3. Alspo the test ¢4{x,y)
dominates ¢,(x,y> and both of them dominates ¢,(x,¥> which
gupport the result given in mection 3.2, also from the same
table it is clear that ¢3(x,y} i= an increasing function of A
but. a2 decreasing function of » . On the other hand, ¢4(x,y)
is an increasing function in both A and 7.

From the same table, we can see that +the test P,y
dominates ¢6(x,y). This regult can be proved in the szame

manner asg in section 3.2. Algso +the test Pslx,y? dominates

¢6(x,y) in terms of power values and is dominated by P lx, ¥).
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Not.ice that all these tests are an increasing function of A,

but, ¢ (x,y> is a decreasing function of ¥ and both ¢ 0x,y2

and ¢9(x,y) are an increasing function of p, V¥V ¥ s (0,—%—)

and decreases on the interval (—2—,-%—). Moreover, ¢5(x,y)
and ¢9(x,y) are symmetric about. » = -g—. All this support the

results of Al-Rawwash (1986).

Finally, with respect to the tests ¢7(x,y} and ¢8(x,y) it
can be esamily seen that the test ¢B(x,y) dominates ¢7(x,y) and
these results support the conjecture of Al-Rawwash and Marden
(1988>. Now, both tests are an increasing function of A, on
the centrary, ¢7(x,y) i a decreaging function of  and
¢e<x,y) is an increasing function for » e (0,%) but. decreases

on the interval <& ,I>.
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Table 2
Power function for the LRT ¢V . ToOr
a*

different cone angles

E\Q\ /12 n-6 /4 nos . 408r nez 2r
0 . 0800 . 0800 . 0BO0 . 0B00 . 0BOO . 0499 . 0BO0C
.1 . 0818 . 0B16 . 0814 .0810 .08B08 . 0806 . 0B0O7
. 2 .DB46 . 0B43 . 0842 .0838 .0531 . 08528 . 0830
.3 . 0607 |, 0897 . 0694 . 08885 . 0671 . 0B6E . 0868
.4 .0688 L0672 . 0683 L0648 . 0628 . Q617 L0622
.8 .0784 . O767 L0749 L0721 . 0701 . 0688 . 0603
.0 L0912 .0888 . 0852 .0822  .07T94 LOTTO . 0784
.7 .1068 . 1020 . 0081 L0934 . 0908 . 0873 . 0888
.8 L1235 .14909 .1138 L4077 . 1036 . 0908 .1014
.9 .1436 .1388 . 1311 .1231 1187 . 1137 .1160
1.0 . 1666 1693 . 1601 .1429 . 1361 . 1300 . 1827
1.1 .1940 . 1821 .ATF23 .1626 .1BB8 . 1483 . 1816
1.2 .2182 |, 2081 1976 .1881 1772 . 1688 L1728
1.3 . 2483 . 2366 . 2238 . 2100 . 2010 L1914 . 1961
1.4 .2800 2672 . 2816 L2377 L2269 2161 . 2247
1.8 .3131 . 2989 . 2826 . 2658 2848 . 2428 . 2498
1.6 .3487 .3329 . 3133 . 2063 2844 L2713 . 2793
1.7 .38B8 .3664 L3476 .3287 .3188 . 3014 . 3110
1.8 . 4223 ,4028 . 3819 .3611 . 3470 . 3329 . 3dd4d
1.9 .4609 4381 . 4166 . 3987 .3812 . 3684 . 3793
2.0 L4979 . 4747 . 4811 .4292 4154 . 3986 L4144
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Tahle 2 C(cont.?2

¥ = nAzo
E\Q. LIS Y- "6 w4 17 . 406w w2 2n
0 .0BO0 .0B0O  .0B00  .O0800 .0BOO  .0499 . 0BOO
1 .0819 .0B17 . 0818 .0811 . 0808 . 0807 . 0807
.2 .0B80 .0B46  .0B44 .0B40 .08532 .0B30 . 0830
.3 .0609 .0607 .0B97 .0B886 .0BTB  .0868 . 0668
4 .0688 .0673  .0662 .06B7 .0633 .0623 . 0622
.B .0787 .0779 . 0784 L0731 .0706  .0694 . 0693
.6 .0016 .0002  .0874  .08B44 .0812 ~ .0784 . 0781
.7 .1072 . 1044 . 1001 L0966 0980  .0891 . 0888
.8 L1248  .1214 L1162 . 1118 1100 . 1019 . 1014
.9 .1483 .1414  .13B4  .1284 .1260 .1166 . 1160
1.0 .1689 .1633  .18BB  .1473 .1449  .1338 . 1327
1.1 .1937 .1879 .1788 - .1686 .1643 .1528 . 1816
1.2 .2211 L2147 . 2039 .1921 . 18091 .1736 L1728
1.3 L2818 .2422  .2300 .2170 .2138 .1969 . 1961
1.4 .2833 .2732  .2895  .24B4 .2418  .2222 . 2217
1.8 .3170 . 3066 . 2906 L2741 L2702 . 2494 . 2498
1.6 .3822 .3391 .3232  .3082 .2999  .2783 L2793
1.7 .3899 3743 .3869 .3386 .3282 .3087 . 3110
1.8 .4260  .4100  .3907 .3781 .3867  .3403 . 3444
1.9 L4646 .4466  .42B83  .4082 .3989 .3726 . 3793
2.0 .B022 .4821 . 4608 .4331 .4215  .4084 L4114
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Table 2 {(cont.>2

¥ = 2n/30
E\\” "/ 2 s /4 ns3 . 4080n w2 2n
0 . 0800 . 0B0O . 0B0O .0B0O .0B0O . 0499 . 0800
.1 . 0619 .08i8 . 0B17 .08t1 .0B5o08 . 0BO7 . 0807
.2 .0BBO0  .0B47 . 0845 . 0841 . 0836 . 0831 . 0830
.3 . 0609 . 0609 . 0899 . 0590 .08B82 . 0871 . 0868
.4 . 0688 .0682 . 0676 . 0689 . 0634 . 0628 . 0622
.B .0787 .0783 . 0762 .0743 .0710 . 0703 . 0693
.6 . 0918 . 0909 . 0887 . 0884 .0813 . 0796 . 0781
.7 .1072 . 1088 . 1023 L0982 . 0933 . 0908 . 0888
.8 .1248 . 1232 .1198 .11338 1111 . 1040 .1014
.9 . 1483 . 1427 . 1374 1314 . 1243 - 1193 .1160
1.0 .1689 .16B81 . 1697 .1618 .1430 . 1366 . 1327
1.1 .1937 .1899 . 1823 L4737 L1668 . 18662 . 1816
1.2 L2211 . 2164 . 2088 . 1976 . 1889 L1778 L1728
1.3 .2B18 . 2431 . 2309 . 2233 . 2189 . 2016 . 1961
1.4 . 2833 2762 . 2687 .2811 . 2419 L2273 . 2217
1.8 .3170 .3099 . 2967 .2813 . 2702 . 2648 . 24985
1.6 .3822 .3431 . 3296 L3129 . 3009 . 2840 . 2793
1.7 .3899 3781 . 3639 . 3459 . 3311 . 3144 . 3110
1.8 L4260 . 4147 L3797 . 3782 .3697 . 3489 . 3444
1.9 4646 .4580 L4311 .4116 . 3992 . 3780 . 3793
2.0 .B022 .4856 . 4682 .4481  .4268 .4103 .4114
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Table 2 {cont.2

¥ = an/s30
\~\ w2 /6 e L) . 408r sz 2n
0O L0800 . QBOO . 0BOO .0B00O . OBOO . 04099 . 0BOO
i ) . 0818 .0Bi18 . 0B18 .0B12 | 0BoR . 0BO8 . 8807
.2 .0B47 . 0B47 . 0847 .0841 .0B38 . 0B32 . 0830
.3 L0609 . G609 . 0608 . 052 . 0B88 . 0874 . 0868
A § . 0689 0682 . 0678 L0662 . 0642 . 0634 . 0622
.8 0789 ., 0783 .0778 L0789 L0718 L0711 . Q693
.6 . 0920 . 0900 . 08097 . 0865 . 0820 . 0807 . 0781
.7 1071 . 1088 .1038 L1601 L0941 . 0922 . o888
.8 1242 . 1232 . 1209 L1154 . 1082 . 1088 .1014
.9 . 1480 . 1427 . 1390 L1332 . 1219 L1218 L1160
1.0 L1673 L1681 . 1601 L1847 .1408 . 1393 1327
1.1 Jlez2v ., 1890 . 1844 24762 L1677 . 1892 L1516
1.2 L2199 | 2164 . 2108 L2018 L1949 .1813 . 1728
1.3 . 2498 | 2451 . 2384 L2276 L 2166 ., 2004 L1961
1.4 . 2820 L2762 . 2681 L2867 L 2467 . 2314 L2217
1.8 . 31856 . 3099 . 20999 .2861 .2718 . 25891 . 2498
1.6 .3510 .34381 . 3323 L3176 L3030 . 2883 L2793
1.7 . 3885  .3781 . 3664 . 3504 . 3393 .3188 .3110
1.8 . 4283 .4147 . 4001 .3836 .3678 . 3801 . 3444
1.9 4640 . 4880 . 4343 4164 L3999 . 3819 . 3793
2.0 . 5001 . 4856 . 4684 . 44985 4288 . 4136 4114
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Table 2 (cont.2

¥ = an/30
A Sy 2 7 T+ /3 . 408n o2 2n
O . 0800 . 0500 . 0800 . 0800 . 0490 . 0800
.1 . 0817 . 0816 . 0813 . 0BOO .0B08 . 0BOT
.2 . 0846 . 0846 . 0B42 . 0835 . 0834 . 0B30
.3 . 0607 . O60B . 0694 . 0886 . 0B7TT . 0B68
.4 . 0673 . 0672 . 0668 . 0680 . 0638 . 0622
.8 L0779 L0776 . 0761 L0728 L0717 . 0693
.6 . 0902 . 0808 . 0878 . 08332 . 0816 . 0781
.7 . 1041 .1033 . 1018 . 0044 . . 0938 . 08883
.8 1244 . 1207 . 1171 1112 L1074 .1014
.9 1414 . 1399 . 1384 . 1227 . 1233 . 1160
1.0 . 1633 L1612 . 1568 .1418 .1448 . 1327
1.1 . 1879 . 18856 .4788 . 1688 L4617 . 1816
1.2 L2147 L2112 L2033 . 1967 . 1840 L1728
1.3 . 2422 . 2397 . 2300 L2221 . 2083 . 1961
1.4 . 2732 . 2698 . 2887 . 2488 . 2348 L2217
1.8 . 3066 . 3000 . 2898 . 2729 . 2623 . 2498
1.6 . 3391 . 3331 . 3204 . 3087 . 2016 . 2793
1.7 .3743 . 3676 . 3821 . 3451 . 3220 . 3110
1.8 . 4100 . 4010 . 3884 . 3686 . 3831 . 3444
1.9 . 4466 . 4383 . 4184 . 40485 . 38406 . 3793
2.0 . 4821 . 4682 .4B811 . 4326 L4186 .4114
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Table 2 (cont)

¥ = BRA30
A nriz -6 i 8 i falc . 4086n 2 2n
0 . 0800 . 0BOO . 0800 . 0BO0 . 0499 . 0B0O
.4 . 0816 . 0B18 D814 . 0B10 . 0808 . 0807
.2 . 0843 . 0843 .0B42 . 0638 . 0B34 . OB30
.3 . 0BO7 . 0B96 . 0893 . 6587 . 0879 . 0868
4 . 0672 . 0670 . 0669 . 0688 . 0641 . 0622
.B L0767 L0774 L0764 L0731 .07T22 . 0693
.6 . 0888 . 0892 . 0878 . 0839 . 0823 . 0781
.7 . 1020 .1032 . 1018 . 09786 . 0044 . 0888
.8 . 1490 .1197 .1178 L1121 . 1088 L1014
.0 . 1388 . 13885 . 1388 +1310 1247 . 1160
1.0 . 1593 . 1607 . 1866 . 1834 . 1431 . 1327
1.1 . 1821 . 1830 . 1793 L1696 . 1638 .1816
1.2 . 2081 . 2090 . 2048 L1970 . 1860 1728
1.3 . 2366 . 2377 L2317 . 2231 . 2808 L1961
1.4 . 2672 . 2678 . 2801 . 24.89 . 2367 L2217
1.8 . 29890 . 2988 . 2899 . 2787 . 2046 . 2498
1.6 . 3320 £ 3311 .3213 . 3099 . 2939 . 2793
1.7 . 3664 . 36806 . 3B36 . 3468 . 3242 . 3110
1.8 .4028 . 3999 ‘3862 L3791 . 38861 . 3444
1.9 .4381 . 4332 . 4193 . 4088 . 3864 . 3793
2.0 . AT4T . 4671 . 4519 . 4331 .4474 4114
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Table 2 C(contl

¥ = B8ms 30
L2 nA s i L " . d08n sz 2n

. 0800 . 0B0OO . 0B00 . 0499 . 0800
.1 . 08514 . 0513 . 0BO9 . 0608 . 0507
.2 . 0B43 L0842 . 0838 . 0836 . 0830
.3 . 0898 . 0894 . 08686 . 0680 . 0568
.4 . 0668 . 06686 . 0683 . 0643 . 0622
.8 . 0769 . 0761 L0730 0726 . 0693
.6 . 0887 . 0873 . 0838 . 0828 . 0781
.7 . 1018 .1018 . 0989 . 09860 . 0888
.8 .1182 L1471 .1113 . 1093 .1014
.9 . 1366 . 1384 . 1287 . 1287 .1160
1.0 . 1873 . 16568 . 1828 1442 . 1327
1.1 . 1800 . 1788 L1681 . 1647 .18186
1.2 . 2065 . 2033 L1922 .1873 . 1728
1.3 . 2333 . 2300 . 2222 . 2119 .1961
1.4 £ 2636 . 2887 . 2478 . 2382 . 2247
1.8 . 2948 . 2808 L2746 . 2661 . 2498
1.6 . 3261 . 3204 . 3087 . 2983 . 2793
1.7 . 3601 . 3821 . 3480 . 3266 . 3110
1.8 . 3944 . 3804 . 3779 . 3864 . 3444
1.9 . 4299 . 4184 . 4049 . 3878 . 3793
2.0 . 4638 .4511 .4338 .4183 41314
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Table 2 (contl
¥ = T30
A /12 -6 /4 n/3 . 408w /2 2
Q . 0800 . 0BOO . 08600 . 0499 . 0800
.1 . 0B14 . 0B12 . 0809 . 0608 . 0807
.2 . 0842 . 0841 . 0838 . 0835 . OB30C
.3 . 0693 . 0692 . 0588 . 0881 . 0668
.4 . 0668 . 0662 . 0652 . 0648 L0622
.8 . 0786 .078e L0729 . 0728 . 0693
.6 .0867 .0866 .0831 .0831 . 0781
.7 . 0993 . 1001 . 0DB3 . 0983 . 0888
.8 . 1181 .1184 . 1108 . 1097 .1014
.9 . 1333 .1332 .1278 .1261 . 1160
1.0 . 1839 . 1847 .1819 . 1447 . 1327
1.1 . 1788 L1762 . 1643 . 1653 . 1816
1.2 . 2001 . 2018 L1911 . 1880 1728
1.3 2272 . 2276 . 2210 L2126 . 1961
1.4 . 2864 . 2867 L2462 . 2389 L2217
1.5 . 2867 . 2861 . 2731 . 20668 . 2498
1.6 . 3181 .3176 . 3070 . 2960 L2793
1.7 . 3824 . 3804 . 3433 . 3262 . 3110
1.8 . 3863 . 3836 . 3788 . 3870 . 3444
1.9 L4212 . 4164 . 4027 . 3880 . 3793
2.0 . 4568 . 4498 .4321 .4188 L4114
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Table 2 <{(cont)
¥ = BHES30
12 /6 /4 ns3 . 408n o2 2n

. 08GO . 0B0O0O . 0800 L0499 . 0B00
.1 . 0B14 .0b11 . 6B0O9 . 0808 . 0807
.2 .0B42 . 0B41 . 0B34 . 0B38 . 0B30
.3 . 0891 . 0690 . 0883 . 0881 . 0868
. 4 . 0686 . 0669 . 0649 . 0648 . 0622
.8 . 0743 L0743 L0723 . 0728 . 0693
.G . 0881 . 0854 . 0821 . 0831 . 0781
.7 . 0989 . 0982 . 0940 0983 . 0888
.8 L1132 . 1133 L1097 . 1097 L1014
.9 .1313 L1341 . 1260 1261 . 1160
1.0 . 1808 . 1818 . 1801 . 1447 . 1327
1.1 . 1724 . 1737 . 1637 . 1683 L1616
1.2 L1976 . 1976 . 1902 . 1880 .1728
1.3 . 2234 . 2233 . 2100 . 2126 .1961
1.4 . 2614 . 2611 . 2481 . 2389 L2217
1.8 . 2829 . 2813 L2722 . 2668 . 2498
1.6 .3136 . 3129 . 3068 . 2960 . 2793
1.7 . 3478 . 3489 . 3427 . 8262 . 3110
1.8 .3812 . 3782 . 3743 . 3870 . 3444
1.9 . 4166 L4116 . 4011 . 3880 . 3793
2.0 L4514 . 4451 . 4308 . 4188 4114
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Table 2 (cont?

¥ = ons3o
A n Lz v i a8 (T . 408n 2 2n
0 . 0800 . 0B00O . 0499 . 0800
.1 . 0611 . 0608 . 0808 . 0BOY
.2 . 0840 . 0833 . 0B38 . 0830
.3 . 0886 . 0880 . 0880 .0B68
.4 . 0687 . 0642 . 0643 L0622
.B L0731 . 0716 L0726 . 0693
.6 . 0844 . 0814 . 0828 . 0781
.T . 0966 . 0932 . 0960 . 0888
.8 .1118 . 1089 L1093 L1014
.9 .1284 , 1287 . 1287 . 1160
1.0 . 1473 . 1489 .1442 . 1327
1.1 .1686 L1622 L1647 .1816
1.2 1921 . 1888 . 1873 .1728
1.3 2170 . 2188 . 2119 . 1961
1.4 . 2454 . 2439 . 2382 L2217
1.8 L2741 . 2709 . 2661 . 2498
1.6 . 3062 . 3040 . 2963 . 2793
1.7 . 3386 . 3391 . 3288 . 3110
1.8 . 3781 , 3712 . 3864 . 3444
1.9 . 4082 . 3997 . 3878 . 3793
2.0 . 4331 . 4289 .4183 L4114
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Table 2 {(cont>

¥ = t0oRS30
A no 2 A6 i 8 P . 408w n/z 2n
) . 0800 . 0800 . 0499 . 0BCO
.1 . 0810 . 6808 . 0808 . Q807
.2 .0B38 . 0832 . 0834 . 0830
.3 . 0888 . 0878 L 0B7O . D868
.4 . 0648 . 0640 . 00441 L0622
. B L0721 L7113 . Q722 . 0603
.6 . 0822 . 0811 . 0823 . 0781
.7 . 0934 . 0928 . 0944 . 0888
.8 . 1077 . 1088 . 10886 L1014
. 9 .1231 . 1282 . 1247 . 1160
1.0 1429  .1481 .1431 . 1327
1.1 L1626 . 1643 . 1638 . 1816
1.2 . 1881 . 1878 . 1860 L1728
1.3 . 2100 L2164 . 2108 . 1961
1.4 . 2377 . 2423 . 2367 L2247
1.5 . 2688 . 2692 . 206406 . 2498
1.6 . 2963 . 3030 . 2039 L2793
1.7 . 3287 . 38378 . 3242 . 3110
1.8 . 3611 . 3697 . 3581 . 3444
1.9 . 3987 . 3980 . 3864 . 3793
2.0 L4202 . 4278 . 4174 4114

www.manaraa.com



Table 2 C(cont.>

¥ = 11730
A A2 /e s+ n- 3 . 408mn sz 2n
0 . 0BOO . 0499 . 0800
.4 . 0808 . 08508 .0BO7
. 2 . 0832 . 0B334 . 0830
.3 .0B7B . 0OB7T . 0B68
.4 . 0638 . 0638 . 0622
.3 . 0708 20717 . 0693
.6 . 0802 . 0816 .0781
.7 . 0014 . 0935 . 0888
.8 . 1061 . 1074 .1014
.9 .1212 .1233 .1160
1.0 .1413 .1418 . 1327
1.4 .1591 L1647 L1516
1.2 . 1837 . 1840 .1728
1.3 . 2001 . 2083 . 1961
1.4 . 2349 . 2348 L2217
1.8 . 2626 . 2623 . 2498
1.6 . 2036 . 28916 . 2793
1.7 . 3274 . 3220 . 3110
1.8 . 3688 . 3831 . 3444
1.9 . 3897 . 3846 . 3793
2.0 . 4208 . 4186 L4114
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Table 2 (cont.?2

¥ = 12730

A HAL2 n o gy g noa . 40867% ez 2n
0 . 0500 . 0499 . 0800
.1 . 0808 . 0BO8 . 0BO7
.2 . 0B31 . 0B322 . 0B30
.3 . 0B71 . 0874 . 0868
.4 . 0628 . 0634 . 0622
.B L0701 0711 . 0693
.6 . 0794 . 0807 . 0781
.7 . Qo086 L0922 . 0888
.8 . 1036 . 1088 .1014
.0 .1187 . 1218 . 1160
1.0 . 1361 . 1393 . 1327
1.1 . 1666 . 1692 . 1816
1.2 LATT2 .1813 . 1728
1.3 L2010 . 2084 L1961
1.4 . 2269 . 2314 L2217
1.8 . 2548 . 2691 . 2498
1.6 . 2844 . 2883 . 2793
1.7 . 3158 . 3188 . 31410
1.8 . 3479 . 3601 . 3444
1.9 L3812 .3819 . 3793
2.0 .4154 . 4136 4114
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